Euler and roll-pitch-yaw angles are routinely used to represent the orientation of rigid bodies in aerospace, navigation, and robotics because they minimize the dimensionality of the control problem. Both representations, however, introduce unwarranted mathematical singularities which are identified in this paper. Trajectory-tracking algorithms break down at singularities and cause loss of control. Since mathematical singularities do not reflect physical limitations of orientation, remedial measures can be implemented in the controller.
Kinematic models of articulated rigid bodies are needed in the analysis and control of many engineering systems. Satellites, robots, and mechanical linkages are a few examples of systems that provide for the controlled motion of rigid bodies in space to accomplish a variety of tasks [1] . The description of the position and orientation of a rigid body with respect to a Cartesian reference frame {R} = {OR;XR,YR,ZR} is the subject of kinematics.
In order to describe the motion of the rigid body, a Cartesian frame {E} = {OE;XE,YE,ZE} is attached to it (Fig. 1) . At any time instant, 1) the position of the rigidbody is defined by the (3 x 1) position vector (OR OE) of the origin OE of the rigid-body frame; and 2) the orientation of the rigid body is defined by the (3 x 3) rotation matrix (XE,YE,ZE) where the unit vectors XE, YE, and ZE describe the axes of the rigid-body frame:
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Knx°r ax (OR OE) P ; (XE,YE, ZE) = oy ay Sz nz oz a/ (All vectors are expressed in the reference frame.) In this paper, we focus upon mathematical representations of the orientation of a rigid body. (We assume, therefore, that OE OR X PX = PY = PZ = 0.)
The rotation matrix approach utilizes nine parameters (which obey orthogonality and unit length constraints) to describe the orientation of a rigid body. Alternative orientation representations utilize a quadruple of ordered real parameters (s; kx, ky, kr). Orientation is then defined by a finite rotation s about the axis k = (kx, ky, kz)T described in the reference frame. Quaternions are a special case of four-parameter representations that have been applied to the analysis of spatial mechanisms [2] . A quarternion representation is defined by the entity {cos(s/2) + sin(s/2)k}. Four-parameter representations are related to the elements of the rotation matrix and inverse transformations exist to compute these parameters from a given rotation matrix. Since a rigid body possesses three rotational degrees of freedom, three independent parameters should be enough to characterize completely and unambiguously its orientation. Threeparameter representations are popular in engineering because they minimize the dimensionality of the rigidbody control problem [1] . The most commonly used representations of orientation are the Euler angles (oL, 3, y) and the roll-pitch-yaw angles (4,0, 4i). The
Euler and roll-pitch-yaw angles are related to the elements of the rotation matrix representation and an inverse transformation is routinely used to compute these orientation angles from a given rotation matrix [3] .
Mathematical singularities occur at the intersections between multiple solution regions to the inverse transformation problem. These 
IV. THE ORIENTATION CONTROL PROBLEM
The orientation control problem centers around the computation of the actuating torques which are required to produce the rigid-body motion. Effective control is achieved by means of reducing the orientation error to zero. The orientation control problem is complicated by the practical fact that the desired motion is described in the reference coordinate frame rather than in the natural Euler (or roll-pitch-yaw) coordinates of the orienting mechanism. Since the joints of the orienting mechanism define the axes around which motions of accommodation can occur, the controller must resolve the rigid-body motion in the Euler (or roll-pitch-yaw) coordinates.
Most commercial orienting mechanisms are equipped with conventional PID controllers which are based upon simplified linear models of the joints. These simplified models fail to characterize the complex joint dynamics and result in oscillations or overshoot. The complexity of the highly coupled and nonlinear second-order differential equations that describe the dynamics of orienting mechanisms has led to the development of model-based control algorithms for orientation [5, 61 . These nonlinear feedback control algorithms utilize the full dynamic model to control the joints of the orienting mechanism.
A schematic representation of the orientation control problem appears in Fig. 6 . The desired motion is defined by a sequence of unit vectors, (nd,Od,ad), which describe the axes (xE,yE,ZE) of the rigid-body frame in the reference frame. The error evaluator defines the error between the desired and actual orientations as [5] 
The orientation error is then resolved into the (3 x 1) joint error vector e(t) through an inverse Jacobian transformation E-(t) = Je(t) C> e(t) = j -El. (t) .
(Each joint of the orienting mechanism is assumed to be actuated independently and the coordinated motion of the joints results in the relative orientation of the rigid body;
i.e., q = [-,4,y1T, or q = [),0,4]T, and e(t) = qd-q.) In order to reduce the orientation error, the control signal u(t) incorporates both joint (angular) position and velocity feedback:
u (t) = -K,q + KP e where KP and K, are the (3 x 3) constant position and velocity feedback gain matrices, respectively. The controller utilizes the dynamic model of the orienting mechanism and the actuators to generate the driving set of torques ( nd, 0dI ad) Fig. 6 . The orientation control problem.
The dynamics of the orienting mechanism are described by the (3 x 3) inertial matrix D(q) and by the (3 x 1) coupling vector h(q, q) [3, 6] . When the rigid body moves through a singular orientation, the inverse transformation e(t) s-> E(t) breaks down and the control algorithm collapses. This is due to the fact that the determinant of the Jacobian matrix J vanishes at the singularity. When the rigid body moves in the neighborhood of a singular orientation, the determinant of the Jacobian matrix is very small. In this case, the magnitudes of the joint error e(t), the control signal u(t) and the driving torque F(t) increase sharply. While the mathematical algorithm is still operational, the actuators of the orienting mechanism become saturated and there is momentary loss of control.
As 
V. AN EXAMPLE FROM ROBOTICS
In this section, we highlight the development of the paper by designing a controller for the spherical wrist (orienting mechanism) of the JPL robot arm [7] . The wrist, depicted schematically in Fig. 7 1) The zi axis is directed along the axis of motion of joint (i + 1).
2) The xi axis lies along the common normal from the zi 1 axis to the zi axis; i.e., xi-Zi-X Zi 11Zi_ X Zi11 (if zi-1 x zi = 0, then xi is arbitrary, subject only to xT zi = 0).
3) The y1 axis completes the right-handed coordinate system; i.e., yi = zi X xi. The zero frame serves as the reference frame; i.e., (OR; XR, YR, ZR) (00; XO, Yo, zo), and the third frame is the rigid body frame; i.e., (OE; XE. YE, ZE) -(03; X3, Y3, Z3). ( Fig. 7 at the singular orientation.) To identify the effects of this singularity on the controller, we designed two simple simulation experiments that require the wrist to pass near the singular orientation. Specifically, the wrist is required to move the rigid body from its initial orientation The rigid body is initially at rest and it has to reach the final orientation with zero velocity (point-to-point control).
In our simulation experiments, we implemented a model-based controller to compute the necessary driving torques: We chose kp = 100 s-2 and kv = 20 s to specify a pair of closed-loop eigenvalues at s = 10 s-. We display the angular errors and the driving torques of the first experiment in Figs. 8 and 9 , respectively. We torque load is more than 40 times the normal operating range of 0-2 N m for this motion and cannot be handled by the actuators.
In the second experiment, we redesigned our algorithm to include a saturation nonlinearity in the controller. We display the angular errors and the driving torques in Figs 
VI. CONCLUSIONS
We have highlighted the Euler and roll-pitch-yaw representations for orientation and presented the forward and inverse transformations that relate them to the rotation matrix approach. Both representations utilize a minimal set of three parameters to describe orientation and are thus appealing from the control point of view. We have shown, however, that the Euler and roll-pitchyaw representations are deficient because they introduce unwarranted mathematical singularities. Care, therefore, should be exercised in using these representations for tracking applications and remedial measures must be included in the control algorithm.
Future research efforts should focus upon two parallel objectives: 1) the development of three-parameter representations for orientation that do not exhibit mathematical singularities; and 2) the integration of singularity compensators in the orientation control system design. 
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